We develop a convex programming approach to the appointment system design problem in a single server facility, using a (stochastic) network flow model to capture the waiting time performance measure of each patient in the system. We solve a robust min-max problem, using a representative "worst case" distribution matching the prescribed means and covariance estimates of the service durations of the patients, to determine the optimal schedule. Using this approach, the scheduling problem (finding the arrival time of the patients) can be determined by solving a semidefinite programming relaxation. Our analysis and numerical results yield several interesting insights on the nature of the optimal appointment system design -the scheduling decisions obtained by planning against the "worst case" distribution performed exceedingly well even for several other distributions with the same mean and covariance parameters. Furthermore, for multi-class appointment system, if patients with higher variability are to be seen first before patients with lower variability, the optimal schedule generally exhibits "Bailey's Rule + break" structure, with first few patients coming "close together" at the beginning, and a higher than usual interval for the last patient in the first class. Our analysis also reveals an interesting characteristic of the optimal appointment system -except for the first and last few slots (those with zero consultation interval allocated to them), the chances of waiting for consultation service is identical for patients choosing all other slots in the system!
Introduction and Motivation
The appointment design problem is a pertinent issue in health-care management. It is a core problem for out-patient clinics and operating rooms, where appointment system is used to regulate the usage of costly equipments and precious resources in the system. Our research into this area is motivated by one such example in an eye-care facility. In this clinic, there are two 4-hour consultation sessions per day. Each doctor has to see 20 to 30 patients per session. The patients can be classified into two groups, "New" (20%) patients and "Repeat" patients (80%). The mean and variance of the consultation times of new patients are noticeably higher than those of repeat patients, as the conditions of new patients are hitherto unknown prior to the visit. For this reason, the clinic has opted to schedule the new patients in the early part of the morning session, and leave the rest of the day to serve repeat patients. Data from the eye clinic indicated excessively long waiting time in the system: for half of the patients, around 78% of their turnaround time 1 is actually spent on waiting for services in the clinic! There are two distinct features in this appointment system: 1) New patients are seen before repeat patients in the morning session (i.e., the sequencing decision); 2) The current appointment strategy allocates 5 minutes per slot for one hour, followed by a half hour break (without any appointment slots) to make up for any delay from the packed first hour (i.e., the scheduling decision).
This leads to the central questions in this paper:
• Could the performance of the clinic be improved by staggering the arrival of the new and repeat patients, or by varying time slots for different patients based on the order of arrivals?
• Are there distributionally robust (near) optimal strategy/pattern to schedule the arrival of patients, to minimize the waiting time of the patients and overtime work of the doctor, using only a minimal set of information on consultation durations?
To isolate the impact of sequencing and scheduling on the system performance, we rule out the presence of other disruptions in the system. The basic assumptions are as follows: (1) Patients arrive punctually at scheduled appointment times 2 . (2) There is a single doctor in the facility. The doctor arrives punctually and only serves the scheduled patients during the session. No break is taken during the time serving one patient. (3) Patients in the same class are homogenous in the distribution of consultation durations. (4) Walk-in and emergencies are not considered.
The problem is to determine the order and timing of arrivals of patients in a fixed clinical session, to minimize the average waiting time of the patients and the overtime work of the doctor. This core problem in appointment design has been investigated by various researchers over the past few decades, and is a notoriously hard problem. Even the deterministic version, when the actual consultation times and consultation slots are pre-determined, is already a NPhard problem if sequencing decision is involved. When the sequence of arrival is fixed, and when the consultation times of each patient follows a discrete probability distribution, recent results of Begen and Queyranne(2009) show that the scheduling problem (determining the consultation slot for each patient) is solvable in polynomial time (in the size of the representation of the discrete distributions). Unfortunately, this method works well for discrete distributions with small number of distinct values, and to the best of our knowledge, till now only simulation and stochastic programming approaches are available to tackle general problems.
Contributions
In this paper, we develop a convex programming approach to solve the appointment scheduling problem. This problem can be suitably reformulated as a two-stage stochastic optimization problem. In the second stage, we construct a (stochastic) network flow model to capture the waiting time characteristics of each patient, given the scheduling policies (decided in the first stage) and the service duration distributions. Our novelty comes in the solution to the first stage problem, which is a technically challenging problem. Instead of using given service duration distributions to design the schedule, we use a "canonical" set of distributions, optimally chosen by our model to maximize some performance measure, at the same time matching the first and second moment conditions prescribed by the system. We therefore develop schedule that is optimal for this set of canonical distributions for service duration. This approach allows us to exploit recent advances in conic programming to transform the stochastic appointment scheduling problem into a single deterministic copositive program (COP) 3 . With a tractable approximation COP, the scheduling problem can now be solved as a semidefinite programming model. Using standard SDP packages, we can now solve practical size appointment scheduling problems.
The schedule obtained using this approach is optimal for a set of canonical service duration distributions, suitably chosen by the model to match the moment conditions and to optimize the expected value of the objective function. Surprisingly our numerical results show that this schedule also works reasonably well for other service duration distributions with the same moment conditions. This phenomenon is similar to what one would expect in a M/G/1 system, where the expected waiting time is determined purely by the first and second moments of the arrival and service process, independent of the distributional form of the service duration.
Our approach can be used to obtain interesting structural properties of the optimal schedule. For instance, a pertinent question for the patient is to choose an appointment slot that would minimize the probability of waiting for service. Our analysis shows that when the appointment system is operating under the optimal schedule, other than the first and last few slots (where the consultation intervals allocated are zero or close to zero), the chances of waiting for service is identical for all other slots! In a congested system with two types of patients, as in our eye clinic case, the optimal schedule often exhibits the pattern: "Bailey's Rule + Break" -the optimal schedule allocates near zero time slot to the first few patients, which resembles the well known "Bailey's Rule", and a break is often inserted before switching from a class of patients with higher variability to another class of patients with lower variability. We use this observation and solution from the SDP model to develop simple practical schedule for the eye clinic. Compared to the naive approach of allocating equal interval to each patient (current practice in the clinic), we find that the total cost of the system can often be reduced by more than 50% in the eye clinic, by a simple modification of the schedule developed using the SDP model. This approach has thus the potential of producing near optimal appointment schedule that can be deployed in practice.
Finally, we extended this approach to incorporate sequencing decision into the appointment design problem. We show that the problem can be solved approximately as a 0-1 SDP problem. Our numerical results gave several insights into the structure of the optimal sequencing decisions. In particular, we observed that the optimal sequence need not follows the smallest variance first rule. In fact, in some instances, a U-shape rule is more common. This is surprising as it is counter-intuitive to put a high variability patient in front of the queue to minimize the total expected waiting time.
